The present article is devoted to a proof of the existence and uniqueness of a solution of a mixed problem with boundary integral conditions for a certain parabolic equation. The proof is based on an energy inequality and on the fact that the range of the operator generated by the problem is dense.
Introduction
In the rectangle Q (0, b)x (0, T), we consider the equation .u (u 02mu --+ (-1)ma(t)-x-= f(x,t),
(1.1) where a(t) is bounded, 0 < a o <_ a(t) <_ al, and a(t) has the bounded derivative such that 0 < c o _< a'(t) <_ c 1 for t E [0, T].
We adhere to equation (1.1) the initial condition (1.
3)
The importance of problems with integral conditions has been pointed out by Samarskii [9] .
Problems which combine local and integral condition for second order parabolic equations are investigated by the potential method [2, 7] , by Fourier's method [4] [5] [6] , and by the energy inequalities method [1, 8, 10] . In this paper, the existence and uniqueness of a solution of problem (1.1)-(1.3) is proved. The proof is based on the method of energy inequalities, presented in [1] . Such problems have not been studied previously.
Preliminaries
First, we introduce the appropriate function spaces which will be used in the paper. We de-
The associated norm is:
(2.1) for m>_ 1, u(,t)d, m >_ 1. For m_> 1, the scalar product in B 
Here, we assumed that the function satisfies the conditions in the form (1.3), i.e., (2.7)
Two-Sided A Priori Estimates
Theorem 1: The following a priori estimate 
Combining inequality (3.2) with (3.3), we obtain (3.1) for u G E, with c: max(21/2, 21/2aa). 
Solvabihty of the Problem
From inequality (3.1), it follows that operator L:E-F is continuous, while from inequality (3.4) it follows that the range of operator L is closed in F and, therefore, there is the continuous inverse operator L-1 yielding the solution. In other words, this means that operator L is a linear homeomorphism from the space E on the closed set R(L) C F. To prove that problem (1.1)-(1.3) has a unique solution, it remains to show that R(L) F.
Theorem 3 (4.4) Relations (4.2) and (4.3) imply that u is in Do(L). It possesses, in fact, a higher order of smoothness, and we have the following result:
Lemma 2: If the conditions of the proposition are met, then the function u defined by (4.2) and (4.3) has derivatives with respect to t up to the second order belonging to the space B'(Q), Q (0,) x (,T).
Proof of Lemma 2: To prove Lemma 2, we will use the following t-averaging operators: Let w e C(R), w >_ 0; w 0 in a neighborhood of t 0 and t T, and outside the interval (0, T), and let f w(t)dt 1. We consider the operators pC defined by the formula T , w(x,s)ds for w e B'(Q). 
By virtue of properties P1-P4 of the t-averaging operators and by inequality (2.3), we have where c4: -max(c3b2m/(a2m),l/a20). This yields the proof of Lemma 2. Now, we will prove the proposition. Replace v in (4.1) by its representation (4.4). We have 2 Re(Ou --' f f ---( t a(t)-))(Qs) ((-1) Ot We write the remMning two terms of (4.5) in the form: We denote the sum of the two terms on the right of (4.9) by/3(s (4.9) (4.10)
Integrating (4.10) over (s,T) and taking into account that/3(T) 0, we obtain (s)exp(4c6s <_ O.
(4.11) It follows from (4.11), that v 0 almost everywhere on T Proceeding this way step by step along the rectangle with side So, we prove that v 0 ,,,,sSt everywhere on Q. This completes the proof of the proposition. El Now, we will prove Theorem 3. For this purpose it is sufficient to prove that the range R(L) of L is dense in F. (4.12)
Suppose that, for
We must prove that V 0. Putting u e Do(L into (4.12) we obtain (u,v)B,O(Q) O, u e D(L).
Hence, the proposition implies that v 0. Thus, (4.12) takes the form (u, vO)L2(O,b 0, u D(L).
Since the range of operator t is everywhere dense in L2(O,b), the above relation implies that v o 0. Hence, V 0. This proves Theorem 3.
